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Linear Regression
with Multiple Variables

Multiple Features



Multiple features (variables)

Size in feet? (x) | Price ($) in 1000's (y)

2104 400
1416 232
1534 315
852 178

fw,b(x) =wx+b



Multiple features (variables)

Size in  |Number of| Number of| Age of home | Price ($) in
feet2 bedrooms floors in years $1000’s
2104 5 1 45 460
L=2 | 1416 3 2 40 232
1534 3 2 30 315
852 2 1 36 178
= /""" feature 2y _

= number of features

() = features of it" training example
W = value of feature ; in it" training example

—

(2)

i



Model:

Previously: f,, ,(x) =wx +b

fu,6(X) = WaXa Wl + WaXg+ WyXy + b
example

’{:W,b(X) — O'l-)(%'\‘ L(—X + OX +—2_X%+gobasé

g1ze ﬂ:\oecl(‘ooms #\f—(:\oa(:s veals —Price

fwp () =wix; + wyx, + oo+ wpx, + b



fﬁib(;) — W1X1 + szz + -+ ann + b
1 —5 = [W:L W}_ w_g coe wy\)x par‘ame-tef:s

b 1S oo number ot the model
|
N_—;

[ Jector x'-‘-‘_Xi X2 X3 ---m

fw,b(?() — W.§+b= w1)<1+wlxl+w3x3 4 o0 o +Wr\XY\+b

7,~
dot product multiple linear regression



Linear Regression
with Multiple Variables

Vectorization
Part 1



Parameters and features
W = [Wl WZ W3] Y\:B
b is a number

[1 |

N
linear algebra: count from 1 NumPy
wie) w1 wt2]
= np.array([1.0,2.5,-3.3])

w

b =4

X = np.array([10,20,30])
: count from

Without vectorization n= 100,000
fwp () = wyxg + wyx, +wsxs + b
£ = w[0] * x[0] +

wl[l] * x[1] +
w[2] * x[2] + b

Without vectorization
n

fwn( ){sz + b
j=1

£f=0

for j in range(0,n) :
£f=f + w[j] * x[]]

£f=£f+Db

Vectorization

wp()=w-x+b

f = np.dot(w,x) + b



Without vectorization Vectorization

for j in range(0,16) : np.dot (w, x)

f=£f+ w[j] * x[]]

t

to | w[O0] wl[l] w[l5]

£ + w[0] * x[0] inparallel * x *
t
. f + w[l] * x[1] x[0] x[1] x[15]
; w[0]*x[O0] w[l]*x[1] |+..4| w[15]1*x[15]
15

£ + w[15] * x[15]
efficient — scale to large datasets



Gradient descent W=(W Wy - W) parametens
a)=(d1 dy - die)

np.array([0.5, 1.3, .. 3.4])

np.arra 0.3, 0.2, .. 0.4
P y(l . \earniwng ro!le (=8

compute w; =w; —0.1d; forj=1...16

w
d

Without vectorization With vectorization
wy =w; —0.1d,; w=w —0.1d wi\

W2 =W2 _Oldz
: Od¥dV A1 L)

W16 — W16 — O.1d16

for j in range(0,16) : w=w-20.1=*d 1D
w[j] = w[j] - 0.1 * d[]]




Linear Regression
with Multiple Variables

Gradient Descent for
Multiple Regression



Previous notation Vector notation

o vector of length
Parameters Wy, , Wy &Ly e owy] 9tnn
’ b s4ill a number
Model wp ) =wyx, + o+ wx, +b i )=V’v7-\ +b
: + produe Tt
Cost function ](Kvl’ ---,wn,Jb) @b) dot P
Gradient descent
repeat { repeat{
W] — W] _ aaW ](Wll ' Wn; b) — a—]@ b)
b=b—al]w,,w,b) b =b— aab]@b)

} }



Gradient descent

One feature
repeat {

z(fw,b( ®) — @)@
i=1

> 2 j0w,b)

m
1 . .
b=bh— QEZ(fW,b( ) = y®)
=1

simultaneously update w, b

features (n = 2)
repeat { =

Wy, =wy —a—Z(f~ ( (l)) (l)) ()
' L—% 52 JGW, b)
= w, - a—z(f* (:0) =y©) 0

b= b—“—z(f* (:0) - y0)

S|multaneously update
wj (for j =1,---,n) and b

}



Practical Tips for
Linear Regression

Feature Scaling
Part 1



Feature and parameter values

— N + b : size (feet?) . # bedrooms
price =Wy W2 range: 300 — 2,000 range:0—5

House: x, = 2000, x, =5, price = $500k one +rajning example
size of the parameters w,, w,?
& =
w; =50, w,=0.1, b =50 wy; =0.1, w,=50, b=50
small large
price =50 4+0.1%5+50, | price=0.1x )k 450 %5+ 50
(0o, 000K 0,5k SOK 200K 250K 50K

price = $100,050.5k =$109,050,500 | price = $500k more reasonable




A

# bedrooms

d_

1

Feature size and parameter size

size of feature

size of parameter w;

size in feet? =
#bedrooms —
Parameters
Sca’H’ef‘pld"" A J(w, b)
1001
Contourl p' 0“'
wW»
# bedrooms
107
- ] >
O 1
size in feet?

w; size in feet?



Feature size

A

ch’f‘tepplo.\‘

# bedrooms

1 >
? size in feet?

# bedrooms
rescaled

size in feet?
rescaled

and gradient descent

Parameters

ORN Contounl p'd"'

Wy

# bedrooms

104

Wy

rescaled

J(w,b)

IO i

w; size in feet?

# bedrooms ](W’ b)

w; size in feet?
rescaled



Practical Tips for
Linear Regression

Feature Scaling
Part 2



A

# bedrooms

-+— size in >

feet?

()

# bedrooms
rescaled

size in
feet’rescaled

Feature scaling

300 <

0.15 <

< 2000



Mean normalization

A
300 < x;, <2000

# bedrooms

!

. —Ts ~ 2000—300

,ﬁ in feet?
# bedrooms
normalized —0.18 < < 0.82

—>

size in feet?
normalized

—0.46 <

< 0.54



Feature scaling

aim for about —1 < x; <1 for each feature

—03 < <0.3

0<r <3 O[(q”)ﬂo r‘escq“ng
—2<x,<0.5 o Kay,no rescaling
—100 < x, <100 too large —rescale

—0.001 < x, <0.001 to0 small 2 rescale

98.6 < r- < 105 +oo large =5 rescale



Practical Tips for
Linear Regression

Checking Gradient Descent
for Convergence



Gradient descent

J
b = b—a%](w,b)



J(w, b)

Make sure gradient descent is working correctly

J(w, b) should decrease
after every iteration

le,owning curve
J(w, b) after 100 iterations

objective: min J(w, b)
w,b

J(w, b) after 200 iterations

J(w, b) likely converged
by 400 iterations

0 100 200 300 400
#

# iterations needed varies 30

L,cop 100,000

Automatic convergence test

Let ¢ “epsilon” be 1072,
0-00l1

If J(w,b) decreases by < ¢
in one iteration,
declare convergence.

(found parameters w, b
to get close to
global minimum)



Practical Tips for
Linear Regression

Choosing the
Learning Rate



Identify problem with gradient descent

AN A\ «istoolarge
learning rate is too
J(w,b) \/\/\/\/ J(w,b) large
> >
Adjust learning rate
a is too big Use smaller a With a small enough «,
AN A\ J(w, b) should decrease
/ / on every iteration
J(w,b) < —— J(w,b) / Ifa i_s too small,
// gradient descent takes
/4 a lot more iterations to
> > converge
—> parameter w; parameter wy




Values of a to try:

... 0.001 0,003 0.010.035 01 0.3 1..
~ ) 7 ~7 7 A

3X  ®3X 3X =R3X 3X =R3X

AN oL too small

\-_0(,20,001_ N
o \/&:0.01 1, b) %&‘bdkla

A just right
N >J ™3




Practical Tips for
Linear Regression

Feature Engineering



Feature engineering

fp () = Wy X+ sz&/"‘ b

’anfagc de—P’H’\

area = frontage X depth

X3 = X1X> Feature engineering:

Using intuition to design
new features, by
transforming or combining
fwb () = wyx; +wyx, + waxs + b original features.

new feature



Practical Tips for
Linear Regression

Polynomial Regression



Polynomial regression

price y

|fv7,b(x) =wyx +wox? +wsx3+b

fp() =wix +wyx” +b

7
s2e

IP
gizeZ

size x

>

T, T
Si1z€  silze” SizZe
1-10° =10 21-101

{eature scaling



Choice of features

price y




